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Abstract
The effective method basing on theory o f R-functions and variational structural method is developedfor solving 
non-linear boundary problems. Elastic-plastic bending o f thin shallow shells is considered. The problems are 
reduced to finding stationary points o f  suggested mixed variational functionals according to the initial 
linearization due to usage o f subsequent loading and Newton-Kantorovich jointly with method o f varying 
elastic parameters. The method is used fo r  automatic calculations in «POLE» programming system fo r  
investigations o f  shell structural elements. The numerical justification o f the method is given. New laws o f non­
linear deformation o f shallow shells and plates with complex shapes in plane are established.
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Introduction
Many of the technology problems associated with the deformation of a thin shell, and this 
explains the development of a geometrically and physically nonlinear theory of shells, with the 
development of methods of research of stress strain state of shell structures, operating beyond the 
limits of elasticity [1-3].
Mathematical problems of elasto-plastic deformation of flexible membranes are formulated for 
non-linear differential equations under certain boundary and initial conditions. Mathematical methods, 
allowing to explore and find solutions of nonlinear differential equations, quite complicated. This 
paper proposes algorithms and some results of the solution of such problems on the basis of the 
known variational-structural method and the theory of R-functions [4-7]. This method became 
widespread in the international scientific literature under the name abbreviaturny RFM. For the first 
time the RFM applied to the solution of geometrically nonlinear problems of theory of plates and 
shells in [2] and its further development are presented in the review [6,7].
1. Mathematical Problem Formulation
Consider a thin shallow shell of constant thickness h under a transverse load. The mathematical 
formulation of the problem is performed via theory of small elasto-plastic deformations in the form of 
the method of variable elasticity parameter. Then the equations of state for the problems of bending of 
thin shallow shells are presented in the form
N  = Be + C%, M  = Ce + 7%, (1)
where e, %, N, M  -  vectors composed of the components of membrane and bending deformations, 
forces and moments at an arbitrary point in the coordinate surface of a shell, which is specified by the 
metric within the Cartesian coordinate system, placed in terms of the shell. We consider an arbitrary 
contour of the shell a ( x ,y ) = 0 , lying in the plane x, y. The elements of matrices B, C, E  represent
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integrals across the shell thickness calculated from the known function using variable parameters of 
elasticity:
E  = y  /(1 + y  / 9K), v = (l/2 - y / 9 K )/(1 + y  /9K ),
V  =  ° V M / £ V M ’ K  =  E / 3 ( 1  -  2 v )  (2)
where E, v  -  the modulus of elasticity and Poisson's ratio, CTVM,S VM -  Mises intensity for the
stresses and strains between which the functional relationship is set for the stress-strain diagram of the 
material of the shell.
Elastic-plastic bending of shallow shells is described by the following system of nonlinear 
equations [6]
V 2 (d1V2w -  S 2V 2^ ) -  Ak9  -  L(D2, w) — L(Sl ,9 ) -  L((p, w) = q,
(3)
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where
V 2 (s 2V 2 w + H 1V 29 )+A kw + L(S1, w )- L(H  2,9 ) + 1  L(w, w) = 0,
L('^, P) = ^ l l  P,22 + ^ 2 2  P,l l  - 2 'H,l2 P,12 ,
H l = bl l / (bn  -  bl22} H 2 = /2  b33 S 1 = c33 I b 33 S 2 = (bl l c12 -  b12cl l  ) /(2b33 )
bl2 (cU ~ cl2 )-2 c llbl lcl2 d  = Y -  Y -  2c33n  V l'l \''ll .''12/ ~';l ‘' l''l D
Dl =  Yl l ----------- --------- t l  — ^ ---------------- , D2 =  Yll - y12 ■ ,
b33(bl2l -  bl22 )
2. Problem-Solving Method
After linearization of the nonlinear system of equations (3) by the method of subsequent loading
[8], while maintaining the same step of the loading E  = Ek- i,v  = i the system of equations (3) is 
transformed to the following:
V 2 ( d 1v 2w (k) -  S 2V 2(P(k)) - A k9(k) - w(k) ) - w (k)) -
-  l ( 9  (k > w (k- 1))- L ( 9 (k - 1), w(k ))  =  Q, (4)
V  2 ( s  2V  2 w (k) +  H i V  2 p  (k ) ) + A k w (k) +  l ( s i ,  w (k)) +  l (h  2 , 9  ( k) ) - (k), w (k- 1))=  0 ,
To verify the values of stresses due to transverse strains and non-zero deformations s z ( ct z = 0) 
iterative formula is used [9]:
S z &  =  -  l ' + 2 a (m )  C' - 1) +  e 2 ( k - 1) )  +  z ( x l (k  -  l )  +  X 2 ( k - 1) )]
a 'm ) = - E m ) , K E 0 .  3G - 3  *
9 K  3(l -  2v) c 2 (l + v)
C (m) = l + -----3----,  D  (m) = l------3----
l + 2 a (m)) (l + 2 a (m))2
Su (m)l) = -% !  Ps(m)+ 2 zPs(m) + z 2 P[m), (5)
P s(m) =  -4 [c(m )(el2 (k- 1) +  e 2(k- 1)) - 2 D ( m ) e l(k - l)e 2(k- l) +  Y2k- 1)]
= 4 [<C(m)(^ l (k-l)el (k-1) + *2(k-l)e2(k-1)) -D(m) 2l(k-1)el (k-l)+ *l (k-l)e2(k-1))+ 2^l2(k-l) (^k-1),] 
P (n ) = ~A C(m)( l^2(k-l) +X2(k-l))+ 2D(m)Xi (k-l)X2(k-l) + 4Xl22(k-l)]
( (m) )




The iterative process, described by the formula (5), is completed when the following inequality is 
satisfied |g H(m + 1  - 8h( m - 1 ) |/8 “ (m -1) < 8 , where 8  -  prescribed quantity that determines the accuracy of 
calculations.
The system of equations (4) for each k-th loading step is the set of stationarity equations for the 
following variational functional
I (k) = j j i  D 1 ('w(2k ),11 + wlk ),22 ) + (D 1 -  D 2 )'w(k ),11w (k ),22 + D 2 w(k ),12 -
S
- ( S1 + S  2 )(cp (k ),22 w (k),11 + p (k ),11lW (k ),22 ) - S  2 (fP (k ),11w(k ),11 + p (k ),22w(k),22 ) +
+ 2S1(p(k),12w(k),12 -  2 H 1 ((P(2k),22 + (p(2k),11) - (H 1 -  H 2 )(p(k),11(p(k),22 -  H 2(p(k),12 -
-  (k1(P(k),22 + k 2(p(k),11^(k) -  p (k),11w(k),22 w(k-1) -  (p(k),22w(k),11w(k-1) +
1 1
+ 2(p(k),12w(k),12w(k-1) -  2 w(k)w(k),22p (k-1),11 -  2  w(k)w(k),11p (k-1),22 + 
+ 2  w(k)w(k),12p (k-1),12 -  0 2  W(k)jdS (6)
It should be noted that under repeated use of the subsequent loading method an error caused by 
discarding the nonlinear terms in (4) is accumulated. Therefore, after a certain number of steps the 
Newton-Kantorovich method is used within the solution [10]. The initial approximation for the 
linearized via the Newton-Kantorovich method system of differential equations is the solution 
obtained using the method of subsequent loading. The accumulated experience of solving a large 
number of tasks on the proposed algorithm allows making a conclusion about its effectiveness, 
versatility and fast convergence.
After linearization of system (3) PHM we come to equations of the form
V2 (D1n V W n+1 -  S2nV 2O n+1 ) - A kOn+1 -  L (D2n ,Wn+1) - L (S1n ,O i+1 ) -
-  L(Wn , O n+1) - L(O n ,Wn+1 )=  q + h(Wn , O n )
/ \ (7)
V 2 (S 2n V 2Wn+1 + HmV 2O n+1)+ A kWn+1 + L(Sm ,Wn+1) - L(H 2n , O n+1) +
+ L(Wn ,Wn+1) + 12 L(Wn ,W„ )=  0,
where n is the iteration number.
The differential equations (7) are equivalent to the condition of stationarity of the following 
functional
K ( ) (w n+1, p n+1 ) =  J^ '^ ^ D 1 (wn+1,xx +  w «+1,yy ) + (D 1 -  D2 )wn+1,xxw n+1,yy +  D 2 w n+1,xy -
S
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(s1 + S2 )wn+1,yyp n+1,xx (s1 + S 2 )wn+1,xxp n+1,yy + 2S1 p n+1,xywn+1,xy 
-  S 2 (wn+1,yyp n+1,yy +wn+1,xxp n+1,xx) -
-  "2H 1 (p «+1,xx + p n+1,yy ) - (H 1 -  H 2 P^n+1,xxp n+1,yy -
"2(pn+1,ywn+1,ywn,xx + p n+1,xwn+1,xwn,yy -  (pn+1,xwn+1,y + p n+1,ywn+1,x)wn) -
n,yywn,xx - p n,xxwn,yy )wn+1 -  (wn,yywn,xx -  wn,xy )pn+1 JdS . (8)
Thus, the original nonlinear boundary value problem for the system (3) is reduced to solving 
variational problems of finding the minimum of the functionals (6 ) and (8 ). Discretization of the given 
functional should be carried out on the set of kinematically admissible functions satisfying the given 
boundary conditions. To meet the given boundary conditions the solution structure using the theory of
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R-functions [4] is built. The developed algorithm is realized within the POLE-RL programming 
system.
3. Numerical Results
This paper studied the elastic-plastic deformation of square spherical shallow shells with a 
radius of curvature k  = k  1 = k  2 = 18 for the case of the simply supported boundaries conditions:
®  =lr
d  2 0
=  0 ,
d  2 w
= 0
Basic physically-mechanical characteristics of the material are taken for the diagram 
corresponding to the linear-hardening materials, however, for different values of the yield stress. The 
numerical results, as a function of the central deflection load setting, are shown in Figure 1.
0,0 0.5 1,0 1.5 w(h
Figure 1. D i a g r a m  " l o a d  -  d e f l e c t i o n "  s p h e r i c a l  s h a l l o w  s h e l l s
w  =  I r
r
From the presented data we can draw the following conclusions. If the shell material in the 
considered range of loading has an unlimited elasticity ( ctt = ro ), the stiffness is significantly higher 
than in the case of limited elasticity. With a decrease in the yield strength of the material with linear 
hardening, the rigidity of the shell is markedly reduced. For comparison, the dashed line in Figure 1 
shows known data of work [11]. It is seen that the numerical results coincidence is quite satisfactory, 
which proves the above laws of the influence of plastic deformation on the bending of thin shallow 
shells with large displacements.
Similar conclusions follow from studies done for thin rectangular plates. The diagram "load -  
deflection" in this case is shown in Figure 2. Here points (x) denote data from [11],
0 0.5 L0 w/h
Figure 2. D i a g r a m  " l o a d  -  d e f l e c t i o n "  f o r  s q u a r e  p l a t e s
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In the above examples the question of the formation of plasticity zones on the surfaces of the shell and 
plate with proportionally increasing pressure is studied. For comparison, in Figure 3, taking into 
account the axial symmetry, given the plasticity zone for shells with parameters: a T = 15, E = 0,01. 
The plasticity zone are shown on the surface z  = + h/2 when the central deflection w = h and 
w = 1,6h . It is seen that on the surface z = h /2 this zone is located near the corner points of the plan, 
and with the deflection increase it is expanding. On the inner surface z = -  h/2 a local zone of 
plasticity is forming at w = h in the vicinity of the center of the shell, and as you increase the load it 
extends into the central part of the shell. When w = 1,6h it covers the whole central part of this 
surface (Figure 3).
w = h
w = 1,6 h
ov = 1;
Figure 3. Location of the plastic zones on the surlace of spherical shallow shell
The formation of plastic zones in the plate is markedly different from what was observed for the 
shell. Calculated data of areas of plasticity in the plate of material: a T = 5, E = 0,01, on the surface 
z = + h/2, when the central deflection w = h and w = 1,6h, is shown in Figure 4. It is seen that on 
the outer surface z = h/2 the plastic zone formed in the center of the plate and spreads with the load 
increase up to the corner region of the surface. However, on the inner surface these areas are 
significantly larger than on the outer one. Still their distribution is almost no different from that of the 
outer surface of the plate.
w=h
w=1.6 h
Figure 4. The location of the plastic zones on the surface of the plate
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Conclusions
The paper proposes a method to solve geometrically nonlinear elasto-plastic bending problems 
for thin shallow shells and plates. This method is based on the R-function method. The solution is 
obtained by the Newton-Kantorovich method of subsequent loading. The developed algorithm and 
software are used to solve a number of test problems and to study complex-shaped shells. The paper 
investigates the effect of the shape of shells, boundary conditions and the load distribution on the 
elasto-plastic bending behavior of thin shallow shells and plates. Accumulated experience of solving a 
large number of tasks using the proposed algorithm allows to conclude its effectiveness, versatility 
and fast convergence.
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